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A graph is said to be symmetric if its automorphism group acts transitively on its arcs. In
this paper, all connected pentavalent symmetric graphs of order 2pq are classified, where
p, q are distinct primes. It follows from the classification that there are two connected
pentavalent symmetric graphs of order 4p, and that for odd primes p and q, there is an
infinite family of connected pentavalent symmetric graphs of order 2pq with solvable
automorphism groups and there are seven sporadic ones with nonsolvable automorphism
groups.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
For a finite, simple and undirected graph X , let V (X), E(X), A(X) and Aut(X) denote the vertex set, edge set, arc set and
full automorphism group of X , respectively. Note that an arc is an ordered edge, that is an ordered pair of adjacent vertices.
For u, v ∈ V (X), {u, v} denotes the edge incident to u and v in X . An s-arc in a graph X for some non-negative integer s
is an ordered (s + 1)-tuple (v0, v1, . . . , vs) of s + 1 vertices such that (vi−1, vi) ∈ A(X) for 1 ≤ i ≤ s and vi−1 ≠ vi+1
for 1 ≤ i ≤ s − 1. For a subgroup G of the automorphism group Aut(X) of a graph X , the graph X is said to be (G, s)-arc-
transitive or (G, s)-regular if G acts transitively or regularly on the set of s-arcs of X , and (G, s)-transitive if G acts transitively
on the set of s-arcs but not on the set of (s + 1)-arcs of X . A graph X is said to be s-arc-transitive, s-regular or s-transitive
if it is (Aut(X), s)-arc-transitive, (Aut(X), s)-regular or (Aut(X), s)-transitive. In particular, 0-arc-transitive means vertex-
transitive, and 1-arc-transitive means arc-transitive or symmetric. Throughout this paper, we will denote by Zn the cyclic
group of order n, by Z∗n the multiplicative group of units modulo n, by D2n the dihedral group of order 2n, and by An and Sn
the alternating group and the symmetric group of degree n, respectively.
Let p and q be primes. Chao [3] classified symmetric graphs of order p, and Cheng and Oxley [4] classified symmetric
graphs of order 2p. The classification of symmetric graphs of order 3p was completed by Wang and Xu [39], and later, the
classification of symmetric graphs of order a product of two distinct primes was given by Praeger et al. [33,34]. Li [23]
classified vertex primitive and vertex bi-primitive s-transitive graphs for s ≥ 4, and Fang et al. [8] classified vertex primitive
2-arc regular graphs. Furthermore, Pan et al. [32] classified connected 2-arc-transitive primitive and bi-primitive graphs
of fourth-power-free order. For more results on symmetric graphs with general valencies, see [10,21,22,24,32]. Cubic
symmetric graphs were investigated widely in the literature. For example, Conder and Dobcsányi [5] exhausted all cubic
symmetric graphs on up to 768 vertices. By analyzing automorphism groups of graphs, a classification of cubic symmetric
graphs of order 2p2 was given in [12], and together with covering techniques, cubic symmetric graphs of order np or np2
with 4 ≤ n ≤ 10 were classified in [11,13–15]. Furthermore, Oh [30,31] classified cubic symmetric graphs of order 14p or
16p. Also, there are some results on tetravalent symmetric graphs (see [16,17,42,44]), but only a few results on pentavalent
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symmetric graphs. Recently, Li and Feng [26] classified pentavalent 1-regular graph of square free order. In this paper, we
classify pentavalent symmetric graphs of order 2pq. In particular, we find four 2-transitive bi-primitive graphs of fourth-
power-free order, which were missed in [32].
2. Preliminary results
Let X be a graph, and let N be a subgroup of Aut(X). Denote by XN the quotient graph corresponding to the orbits of N ,
that is, the graph having the orbits of N as vertices with two orbits adjacent in XN if there is an edge in X between those
orbits. In view of [27, Theorem 9], we have the following:
Proposition 2.1. Let X be a connected symmetric graph of prime valency p and G be an s-arc-transitive subgroup of Aut(X) for
some s ≥ 1. If a normal subgroup N of G has more than two orbits on V (X), then XN is also a symmetric graph of valency p and
N is the kernel of the action of G on the set of orbits of N. Moreover, N is semiregular on V (X) and G/N is an s-arc-transitive
subgroup of Aut(XN).
By Weiss [41, Theorem], we have the following:
Proposition 2.2. Let X be a connected (G, s)-transitive graph of prime valency p for a subgroup G ≤ Aut(X), where s ≥ 1 and
p ≥ 5. If the stabilizer Gv of a vertex v ∈ V (X) in G is solvable, then s ≤ 3 and the order of Gv is a divisor of p(p− 1)2.
From [19, pp. 134–136] or [37], one may obtain the following proposition by checking the orders of nonabelian simple
groups:
Proposition 2.3. Let p and q be distinct primes, and let G be a nonabelian simple group of order |G| = 2i · 3j · 5 · q · p with
1 ≤ i ≤ 18 and 0 ≤ j ≤ 2. Then G has 3-prime factor, 4-prime factor or 5-prime factor, and is one of the following groups:
Remark. By Conway et al. [6, pp. 12–14], 3-prime factor simple groups can be found. By Shini [37] or Gorenstein [19, pp.
134–136], it is easy to obtain all such 4- or 5-prime factor simple groups except for G = PSL(2, p) for an odd prime p. Note
that |PSL(2, p)| = p(p+1)(p−1)2 . Let G = PSL(2, p) be a 4-prime factor simple group. First, assume that 3 · 5 - p±12 . If 2 | p+12 ,
then either p−12 = 3, 32, 33 and p + 1 = 0 (mod 5), or p−12 = 5 or 52 and p + 1 = 0 (mod 3). It follows that p = 11 and
19. If 2 | p−12 , then either p+12 = 3, 32, 33 and p− 1 = 0 (mod 5), or p+12 = 5, 52 and p− 1 = 0 (mod 3), of which both are
impossible. Now assume that 3 · 5 | p+12 or p−12 . Since ( p+12 , p−12 ) = 1, either p−12 or p+12 is a power of 2, of which the former
is clearly impossible. Thus, p = 2k − 1, and p−12 = 3 · 5, 32 · 5, 33 · 5, 3 · 52 or 32 · 52. It follows that p = 31.
From [7, Section 239], we have the following proposition.
Proposition 2.4. Let p be a prime, and q = pn ≥ 5. Then a maximal subgroup of PSL(2, q) is isomorphic to one of the following
groups:
(1) D 2(q−1)
d
, where d = (2, q− 1) and q ≠ 5, 7, 9, 11;
(2) D 2(q+1)
d
, where d = (2, q− 1) and q ≠ 7, 9;
(3) Zq o Z (q−1)
d
;
(4) A4, when q = p = 5, or q = p ≡ 3, 13, 27, 37 (mod 40);
(5) S4, when q = p ≡ ±1 (mod 8);
(6) A5, when q = p ≡ ±1 (mod 5), or q = p2 ≡ −1 (mod 5) with p an odd prime;
(7) PSL(2, r), when q = rm with m an odd prime;
(8) PGL(2, r), when q = r2.
By Cameron et al. [2, Theorem 2], one can easily extract maximal subgroups of PGL(2, p):
Proposition 2.5. Let p ≥ 5 be a prime. Then PGL(2, p) has one conjugacy class of A4. Further, a maximal subgroup of PGL(2, p)
is isomorphic to one of the following groups:
(1) Zp o Zp−1;
(2) D2(p−1), when p ≥ 7;
(3) D2(p+1);
(4) S4, when p ≡ ±3 (mod 8);
(5) PSL(2, p).
The following proposition is due to Burnside:
Proposition 2.6 ([35, Theorem 8.5.3]). Let p and q be primes, and let m and n be non-negative integers. Then every group of order
pmqn is solvable.
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To extract a classification of connected pentavalent symmetric graphs of order 2p for a prime p from Cheng and
Oxley [4], we introduce the graphs G(2p, r). Let V and V ′ be two disjoint copies of Zp, say V = {0, 1, . . . , p − 1} and
V ′ = {0′, 1′, . . . , (p− 1)′}. Let r be a positive integer dividing p− 1 and H(p, r) the unique subgroup of Z∗p of order r . Define
the graph G(2p, r) to have vertex set V ∪ V ′ and edge set {xy′ | x− y ∈ H(p, r)}.
Proposition 2.7. Let X be a connected pentavalent symmetric graph of order 2p for a prime p. Then one of the following occurs:
(1) X ∼= K6, the complete graph of order 6, and Aut(K6) = S6;
(2) X ∼= K5,5, the complete bipartite graph of order 10, and Aut(K5,5) = (S5 × S5) o Z2;
(3) X ∼= G(2p, 5) with p ≡ 1 (mod 5). For p > 11, Aut(G(2p, 5)) = (Zp o Z5) o Z2, and for p = 11, Aut(G(2p, 5)) =
PSL(2, 11) o Z2.
For a finite group G and a subset S of G such that S = S−1 and 1 ∉ S, the Cayley graph Cay(G, S) on G with respect to
S is defined to have vertex set G and edge set {{g, sg} | g ∈ G, s ∈ S}. Given g ∈ G, right multiplication x → xg (for
x ∈ G) is a permutation R(g) on G, and the homomorphism from G to Sym(G) taking each g to R(g) is called the right regular
representation of G. The image R(G) = {R(g) | g ∈ G} of G is a regular permutation group on G, and is isomorphic to G,
which can therefore be regarded as a subgroup of the automorphism group Aut(Cay(G, S)). In particular, the Cayley graph
Cay(G, S) is vertex-transitive. Moreover, the group Aut(G, S) = {α ∈ Aut(G) | Sα = S} is a subgroup of Aut(Cay(G, S)),
indeed of the stabilizer Aut(Cay(G, S))1 of the vertex 1. Also, a Cayley graph Cay(G, S) is said to be normal if R(G) is normal in
Aut(Cay(G, S)). By Godsil [18], a Cayley graph Cay(G, S) is normal if and only if Aut(Cay(G, S))1 = Aut(G, S), or equivalently,
if and only if Aut(Cay(G, S)) is isomorphic to the semidirect product R(G) o Aut(G, S).
Now we introduce an infinite family of one-regular Cayley graphs on the dihedral group D2n = ⟨a, b | an = b2 =
1, b−1ab = a−1⟩. Letm and l be integers such thatm ≥ 31 and l4 + l3 + l2 + l+ 1 ≡ 0 (mod m). Define
CD l2m = Cay(D2m, {b, ab, al+1b, al
2+l+1b, al
3+l2+l+1b}). (1)
By Li and Feng [26], we have the following propositions.
Proposition 2.8 ([26, Theorem 3.3]). Let n be a square-free integer and X a pentavalent one-regular graph of order n. Then
n = 2 · 5t · p1p2 · · · ps ≥ 62, where t ≤ 1, s ≥ 1, and pi’s are distinct primes such that 5 | (pi− 1). Furthermore, X is isomorphic
to one of CD ln and there are exactly 4
s−1 such non-isomorphic graphs of order n.
At last we introduce the so called coset graph (see [29,36]) constructed from a finite group G relative to a subgroup H
of G and a union D of some double cosets of H in G such that D−1 = D. Denote by HG, the largest normal subgroup of
G in H . The coset graph Cos(G,H,D) of G with respect to H and D is defined to have vertex set [G : H], the set of right
cosets of H in G, and edge set {{Hg,Hdg} | g ∈ G, d ∈ D}. The action of G on V (Cos(G,H,D)) by right multiplication
induces a vertex-transitive automorphism group, which is faithful if and only if HG = 1. Furthermore, Aut(G,H,D) = {α ∈
Aut(G) | Hα = H,Dα = D} induces a group of automorphisms, which lies in the stabilizer ofH in Aut(Cos(G,H,D)). Clearly,
Cos(G,H,D) ∼= Cos(G,Hα,Dα) for every α ∈ Aut(G). Note that the concept of a coset graph is equivalent to the concept of
an orbital graph (see [38]). Conversely, by Sabidussi [36] we have the following:
Proposition 2.9. Let X be a graph and let G be a vertex-transitive subgroup of Aut(X). Then X is isomorphic to a coset graph
Cos(G,H,D), where H = Gu is the stabilizer of u ∈ V (X) in G and D consists of all elements of G which map u to one of its
neighbors. Further,
(1) X is connected if and only if D generates the group G;
(2) X is G-arc-transitive if and only if D is a single double coset. In particular, if g ∈ G interchanges u and one of its neighbors,
then g2 ∈ H and D = HgH;
(3) The valency of X equal to |D|/|H| = |H : H ∩ Hg |.
3. Constructions
In this section, we construct pentavalent symmetric graphs of order 2pq, where p and q are distinct primes.
Example 3.1. Let G = PSL(2, 11). Then G has a subgroup H ∼= D10 and an involution a such that |HaH|/|H| = 5 and
⟨H, a⟩ = G. The coset graph Cos(G,H,HaH), denoted by C66, is 1-transitive and has order 66. Further, any connected
pentavalent symmetric graph of order 66 admitting G as an arc-transitive automorphism group is isomorphic to C66.
Proof. By Proposition 2.4, G has a maximal subgroup M such that M ∼= A5. Let H ≤ M with H ∼= D10. The simplicity of G
and the maximality ofM imply thatM = NG(M). Take an involution x in H , and set ⟨x⟩ = L. Since G has one conjugacy class
of involutions, by Proposition 2.4, NG(L) = D12. Clearly, H ∩Ha = L and NM(L) ∼= Z22. Thus, there exists an involution a such
that a ∈ NG(L) and a ∉ NM(L). Furthermore, a ∉ H , |HaH|/|H| = 5 and ⟨H, a⟩ = G. This implies that Cos(G,H,HaH) is a
connected pentavalent symmetric graph of order 66.
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Let X be a connected pentavalent symmetric graph of order 66 admitting G = PSL(2, 11) as an arc-transitive
automorphism group. Note that Gv ∼= D10 for any v ∈ V (X). To finish the proof, it suffices to show that X ∼= Cos(G,H,HaH).
ByMagma [1], G has one conjugacy class ofD10 and since Gv has five subgroups isomorphic toZ2, each of the subgroups fixes
a vertex adjacent to v. By Proposition 2.9, one may assume that X = Cos(G,H,HfH) such that H ∩ H f = L and f ∈ NG(L).
By Fang and Praeger [9, Theorem 2.1], f can be chosen to be a 2-element, and hence f is an involution in NG(L) ∼= D12. By
the connectivity of X , f ∉ NM(L) ∼= Z22. Thus, f has four choices and by Magma [1], the four coset graphs Cos(G,H,HfH)
corresponding to the four involutions are isomorphic to each other. It follows that X = Cos(G,H,HfH) ∼= Cos(G,H,HaH),
as required. 
Example 3.2. Let G = PGL(2, 19). Then G has a subgroup H ∼= A5 and an involution a such that |HaH|/|H| = 5 and
⟨H, a⟩ = G. The coset graph Cos(G,H,HaH) is a pentavalent 2-transitive graph of order 114, denoted by C114. Further, any
connected pentavalent symmetric graph of order 114 admitting G as an arc-transitive automorphism group is isomorphic
to C114.
Proof. By Proposition 2.5, G has a maximal subgroupM ∼= PSL(2, 19) containing a maximal subgroup H such that H ∼= A5.
Let L = A4 be a subgroup of H . By Propositions 2.4 and 2.5, NG(L) = S4 and NM(L) = L. Let a ∈ NG(L) \ L be an involution.
Then NG(L) = L ∪ La, L = H ∩ Ha, |HaH|/|H| = 5 and ⟨H, a⟩ = G. It follows that the coset graph Cos(G,H,HaH) is a
connected pentavalent symmetric graph of order 114.
Let X be a connected pentavalent symmetric graph of order 114 admitting G = PGL(2, 19) as an arc-transitive
automorphism group. Then Gv ∼= A5 for any v ∈ V (X). To finish the proof, it suffices to show that X ∼= Cos(G,H,HaH).
Since G has one conjugacy class of A5 and A5 has five subgroups isomorphic to A4, by Proposition 2.9, one may assume that
X = Cos(G,H,HfH) such that H ∩ H f = L and f ∈ NG(L). Since NG(L) = L∪ La, one has f = la for some l ∈ L. It follows that
HfH = HaH , that is, X = Cos(G,H,HfH) ∼= Cos(G,H,HaH). 
By a similar argument to the proof of Example 3.2, one has the following:
Example 3.3. Let G = PGL(2, p) with p = 29, 59 or 61. Then G has a subgroup H ∼= A5 and an involution a such that
|HaH|/|H| = 5 and ⟨H, a⟩ = G. The coset graph Cos(G,H,HaH) is 2-transitive and has order 406, 3422 or 3782 depending
on p = 29, 59 or 61, denoted by C406, C3422 or C3782, respectively. Further, any connected pentavalent symmetric graph
of order 406, 3422 or 3782 admitting G as an arc-transitive automorphism group is isomorphic to C406, C3422 or C3782,
respectively.
Remark. By Theorem 4.2, the graph Cn, for n = 114, 406, 3422 or 3782, has automorphism group PGL(2, p) for p =
19, 29, 59 or 61, respectively. Furthermore, PGL(2, p) is 2-arc-transitive and bi-primitive on V (Cn) because A5 is maximal
in PSL(2, p) (a graph is called bi-primitivity if it is a bipartite graph, and the setwise stabilizer of its automorphism group
is primitive on each part). Clearly, PGL(2, p), for p = 19, 29, 59 or 61, has fourth-power-free order, and the graph Cn is not
a standard double cover of any pentavalent graph because |Cn|/2 is odd. However, the graphs Cn (n = 114, 406, 3422 and
3782) are missed in [32, Theorem 1.1].
Also the proof of the following example is similar to that of Example 3.2 by noting that PSL(2, 41) has two conjugacy
classes of A5 fused in PGL(2, 41).
Example 3.4. Let G = PSL(2, 41). Then G has a subgroup H ∼= A5 and an involution a such that |HaH|/|H| = 5 and
⟨H, a⟩ = G. The coset graph Cos(G,H,HaH) is a 2-transitive graph of order 574, denoted by C574. Further, any connected
pentavalent symmetric graph of order 574 admitting G as an arc-transitive automorphism group is isomorphic to C574.
The following examples are extracted from [23].
Example 3.5 ([23, pp. 3515]). Let T = PSL(3, 4). By Atlas [6], Out(T ) = D12 and T has two conjugacy classes of maximal
subgroups H with H ∼= [24] : A5, and has an automorphism g of order 2; further, g fuses the two conjugacy classes. Set
G = ⟨T , g⟩. Then g2 = 1 ∈ H , ⟨H, g⟩ = ⟨T , g⟩, and |H : H ∩ Hg | = 5. Thus, the coset graph Cos(G,H,HaH), denoted by C42,
is a pentavalent 4-transitive graph, and Aut(C42) = Aut(T ).
Example 3.6 ([23, pp. 3515–3516]). Let T = PSp(4, 4). By Atlas [6], Out(T ) = 4 and T has two conjugacy classes of
maximal subgroups S with S ∼= [26] : (3 × A5), which are fused in Aut(T ). Let f be a field automorphism, and let
g ∈ Aut(T )/(Inn(T ).⟨f ⟩). (Note that we are identifying T with Inn(T ).) Then o(f ) = 2, Aut(T )/⟨T , f ⟩ ∼= Z2 and g2 ∈ ⟨f ⟩.
Thus, g, f , S may be chosen so that f normalizes S but g does not. Set G = ⟨T , f , g⟩. Then T · ⟨f ⟩ has a subgroup H := S · ⟨f ⟩
such that g2 ∈ H and ⟨H, g⟩ = G. Thus, the coset graph Cos(G,H,HaH), denoted byC170, is a pentavalent 5-transitive graph,
and Aut(C170) = Aut(T ).
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4. Main results
In this section, we classify pentavalent symmetric graphs of order 2pq for p and q primes. First, we need to introduce
the concept of Schur multiplier. Let G be a simple group and Z an abelian group. We call an extension E of Z by G a central
extension of G if Z ≤ Z(E). If E is perfect, that is, the derived group E ′ = E, we call E a covering group of G. Schur [20] proved
that, for every simple group G, there is a unique maximal covering group M such that every covering group of G is a factor
group ofM . This groupM is called the full covering group of G, and the center ofM is called the Schur multiplier of G, denoted
by Mult(G).
First, we consider the case q = 2. Denote by I the icosahedron of order 12, and by K6,6−6K2 the complete bipartite graph
of order 12 minus a one factor.
Theorem 4.1. Let p be an odd prime. Then X is a connected pentavalent symmetric graph of order 4p if and only if X ∼= I or
K6,6 − 6K2.
Proof. ByMckay [28], there is no pentavalent symmetric graph of order 8, and there are two pentavalent symmetric graphs
of order 12, that is K6,6− 6K2 and I . To finish the proof, it is sufficient to show that there is no pentavalent symmetric graph
of order 4p for p ≥ 5.
Suppose to the contrary that X is a connected pentavalent symmetric graph of order 4p for p ≥ 5. Let A = Aut(X) and P
a Sylow p-subgroup of A. Let v ∈ V (X). By Weiss [40,41], |Av| | 217 · 32 · 5. Thus, |A| = 2s · 3t · 5 · p with 2 ≤ s ≤ 19 and
0 ≤ t ≤ 2. Let N be a minimal normal subgroup of A.
Assume that N is solvable. Then N is elementary abelian. By Proposition 2.1, N is semiregular on V (X), and the quotient
graph XN of X relative to the orbits of N has valency 5. Since |V (X)| = 4p, A has no normal subgroup of order 4 or p.
It follows that N ∼= Z2, forcing that N ≤ Z(A), the center of A. By Proposition 2.1, XN is a pentavalent symmetric graph
of order 2p with A/N as an arc-transitive subgroup of Aut(XN). By Proposition 2.7, either XN ∼= K5,5 or XN ∼= G(2p, 5) with
5 | p− 1. Denote byM/N a minimal normal subgroup of A/N . Let XN ∼= K5,5. Clearly, p = 5 and Aut(K5,5) = (S5 × S5)oZ2.
Suppose thatM/N is solvable. ThenM/N ∼= Z2,Z5 or Z25. IfM/N ∼= Z2 or Z5, then A has a normal subgroup of order 4 or 5
because N ∼= Z2, a contradiction. IfM/N ∼= Z25, thenM ∼= Z2 × Z25. It is easy to see thatM has two orbits on V (X), and since
M is abelian andMv ∼= Z5, one has X ∼= 2K5,5, a union of two copies of K5,5, which contradicts the connectivity of X . Suppose
that M/N is nonsolvable. Then M/N ∼= A5 or A5 × A5. Obviously, M/N has two orbits on V (XN). Since (M/N)u E (A/N)u
for any u ∈ XN , by the primitivity of (A/N)u on the neighborhood of u, one has 5 | |(M/N)u|. It follows that 25 | |M/N|,
and henceM/N ∼= A5 × A5. Let B/N ∼= A5 and B/N E M/N . Similarly, B/N has two orbits on V (XN) and 5 | |(B/N)u|. Thus,
25 | |B/N|, a contradiction. Let XN ∼= G(2p, 5). By Proposition 2.7, Aut(XN) has a normal Sylow p-subgroup when p > 11,
and Aut(XN) = PSL(2, 11) o Z2 when p = 11. First, let p > 11. Then a normal Sylow p-subgroup of Aut(XN)must be PN/N
because each Sylow p-subgroup of A/N is a Sylow p-subgroup of Aut(XN). It follows that P E A because P is characteristic in
PN , which is impossible because A has no normal subgroup of order p. Now, let p = 11. IfM/N is solvable, thenM/N ∼= Z2
or Zp because |V (XN)| = 2p, implying that A has a normal subgroup order of 4 or p, a contradiction. IfM/N is nonsolvable,
thenM/N ∼= PSL(2, 11) andM/N has two orbits on V (XN), implying thatM also has two orbits on V (X). Denote byM ′ the
derived group ofM . By Atlas [6], the Schur multiple of PSL(2, 11) is Z2. IfM ′ = M , thenM is a covering group of PSL(2, 11),
forcing thatM ∼= SL(2, 11). It follows that |Mv| = |SL(2, 11)|/ 12 |V (X)| = 60, and by Magma [1], SL(2, 11) has no subgroup
of order 60, a contradiction. If M ′ < M , that is M ′ is a proper subgroup of M , then M = N × M ′ and M ′ = PSL(2, 11),
implying that M ′ E A and |M ′v| = 1 or 5 | |M ′v|. If |M ′v| = 1, then M ′ is semiregular on V (X), which is impossible because
M ′ is nonsolvable. Thus, M ′ has two orbits on V (X), implying that |M ′v| = |PSL(2, 11)|/ 12 |V (X)| = 30. By Proposition 2.4,
PSL(2, 11) has no subgroup of order 30, a contradiction.
If A has a solvable non-trivial normal subgroup, then A has a solvable minimal normal subgroup isomorphic to Z2 or Zp,
which is impossible by the above argument. Thus, in what follows, we assume that A has no solvable non-trivial normal
subgroups.
Now assume that N is nonsolvable. Then N ∼= Tm, where T is a nonabelian simple group. For p = 5, since |A| = 2s ·3t ·52
with 2 ≤ s ≤ 19 and 0 ≤ t ≤ 2, by Table 1, one has N ∼= A5,A6 or A5 × A5. It is easy to see that N has at most two orbits
on V (X) and 5 | |Nv|, implying that 25 | |N|. Thus, N ∼= A5 × A5, and N has a normal subgroup isomorphic to A5, say S.
Since S E N , one has 5 | |Sv| and S has an orbit of length 5, 10 or 20, implying that 25 | |S|, a contradiction. For p > 5, since
|A| = 2s · 3t · 5 · pwith 2 ≤ s ≤ 19 and 0 ≤ t ≤ 2, one has N = T , and by Table 1, N is one of the following groups:
A7,A8, PSL(2, 11), PSL(2, 24), PSL(2, 19), PSL(2, 31), PSL(3, 4),M11.
Since N is nonsolvable, N has at most two orbits. Let N be transitive on V (X). By Proposition 2.9, X ∼= Cos(N,H,HaH),
where H = Nv , a ∈ N \ H and a2 ∈ H . By Atlas [6], A7(p = 7) has no subgroup of order |H| = |N|/|V (X)|. Thus,
N ≠ A7. Similarly, N ≠ PSL(2, 11) (p = 11), PSL(2, 19) (p = 19), PSL(2, 31) (p = 31), PSL(3, 4) (p = 7) and
M11 (p = 11). Hence, N = A8 or PSL(2, 24). Since a subgroup of A8 of order |N|/|V (X)| = 720 is a maximal subgroup
of A8 and a subgroup of PSL(2, 24) of order 60 is also a maximal subgroup of PSL(2, 24), N acts primitively on V (X), and
X is a vertex primitive graph. By Li et al. [25, Table 1], if N = A8, then X has valency 12 or 15, and if N = PSL(2, 24)
(note that PSL(2, 24) ∼= PΩ−(4, 4)), then X has valency 12, 15 or 20, a contradiction. Let N has two orbits on V (X). Set
C = CA(N), the centralizer of N in A. By the simplification of N , one has C ∩ N = 1. Since N × C ≤ A, one has 5 - |C | and
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Table 1
Nonabelian simple {2, 3, 5, q, p}-groups.
3-prime factor 4-prime factor 5-prime factor
G Order G Order G Order
A5 22 · 3 · 5 A7 23 · 32 · 5 · 7 M22 27 ·32 ·5 ·7 ·11
A6 23 · 32 · 5 A8 26 · 32 · 5 · 7 PSL(5, 2) 210 ·32 ·5 ·7 ·31
PSL(2, 7) 23 · 3 · 7 PSL(2, 11) 22 · 3 · 5 · 11 PSL(2, 26) 26 ·32 ·5 ·7 ·13
PSL(2, 23) 23 · 32 · 7 PSL(2, 24) 24 · 3 · 5 · 17 PSL(2, 28) 28 ·3·5·17·257
PSL(2, 17) 24 · 32 · 17 PSL(2, 19) 22 · 32 · 5 · 19 PSL(2, p) pan odd prime
PSL(3, 3) 24 · 33 · 13 PSL(2, 52) 23 · 3 · 52 · 13
PSU(3, 3) 25 · 33 · 7 PSL(2, 31) 25 · 3 · 5 · 31
PSU(4, 2) 26 · 34 · 5 PSL(3, 4) 26 · 32 · 5 · 7
PSU(3, 4) 26 · 3 · 52 · 13
M11 24 · 32 · 5 · 11
M12 26 · 33 · 5 · 11
PSp(4, 4) 28 · 32 · 52 · 17
p - |C |, implying that C is a {2, 3}-group. By Proposition 2.6, C is solvable, and since A has no non-trivial normal subgroup,
C = 1. It follows that A . Aut(N). If N = M11, then A ∼= Aut(N) = N , which is impossible because A is transitive. If
N = A7 (p = 7),A8 (p = 7), PSL(2, 11) (p = 11), PSL(2, 24) (p = 17), PSL(2, 19) (p = 19), PSL(2, 31) (p = 31) or
PSL(3, 4) (p = 7), by Atlas [6] N has no subgroup of order |N|/ 12 |V (X)| respectively, a contradiction. This completes the
proof. 
Now, we consider pentavalent symmetric graphs of order 2pq, where p and q are distinct odd primes.
Theorem 4.2. Let X be a connected pentavalent symmetric graph of order 2pq, where p > q are odd primes. Then X is 1-, 2-, 4-
or 5-transitive. Furthermore, one of the following occurs:
(1) X is 1-transitive, and either X ∼= C66 with Aut(X) ∼= PGL(2, 11) or X ∼= CD l2pq (defined in Eq. (1)) with Aut(X) ∼= D2pqoZ5
for some l satisfying l4 + l3 + l2 + l ≡ 0 (mod pq)— the number of such pairwise non-isomorphic graphs of order 2pq is
f (p, q) =
1, q = 5 and 5 | p− 1;
4, 5 | q− 1 and 5 | p− 1;
0, otherwise.
(2) X is 2-transitive, and X ∼= C114 with Aut(X) ∼= PGL(2, 19), X ∼= C406 with Aut(X) ∼= PGL(2, 29), X ∼= C3422 with
Aut(X) ∼= PGL(2, 59), X ∼= C3782 with Aut(X) ∼= PGL(2, 61), or X ∼= C574 with Aut(X) ∼= PSL(2, 41).
(3) X is 4-transitive, and X ∼= C42 with Aut(X) ∼= Aut(PSL(3, 4)).
(4) X is 5-transitive, and X ∼= C170 with Aut(X) ∼= Aut(PSp(4, 4)).
Proof. Let A = Aut(X) and v ∈ V (X). By Weiss [40,41], |Av| | 5 · 32 · 217, and hence |A| = 2s3t · 5 · p · q with 1 ≤ s ≤ 18
and 0 ≤ t ≤ 2. We first prove a claim.
Claim: If A has a normal subgroup of order q, then X ∼= CD l2pq.
Let Q be a normal subgroup of A of order q. By Proposition 2.1, Q is semiregular on V (X) and the quotient graph XQ of
X relative to Q is a pentavalent symmetric graph with A/Q as an arc-transitive subgroup of Aut(XQ ). Since p > q ≥ 3, by
Proposition 2.7, either XQ ∼= K5,5 or XQ ∼= G(2p, 5)with 5 | p− 1.
Suppose that XQ ∼= K5,5. Then p = 5 and q = 3. Take a minimal normal subgroup of A/Q , say M/Q . Assume that M/Q
is nonsolvable. Then M/Q ∼= A5 or A5 × A5 because A/Q ≤ Aut(K5,5) ∼= (S5 × S5) o Z2. Obviously, M/Q has two orbits
on V (XQ ) and 5 | |(M/Q )w| for any w ∈ V (XQ ), implying that 25 | |M/Q |. Thus, M/Q ∼= A5 × A5. Let B/Q ∼= A5 and
B/Q E M/Q . Similarly, B/Q has two orbits on V (XQ ) and 5 | |(B/Q )w|. Thus, 25 | |B/Q |, a contradiction. Now assume
that M/Q is solvable. Then M/Q ∼= Z2,Z5 or Z25. If M/Q ∼= Z2 then XM is a pentavalent symmetric graph of order p, a
contradiction. If M/Q ∼= Z5, then M ∼= Z15 and M has two orbits on V (X), implying that X is a bipartite graph. Let R ≤ M
and R ∼= Z5. Then R ▹ A, and since R ≤ M , the quotient graph XR is bipartite. However, XR ∼= K6 because |V (XR)| = 6, a
contradiction. IfM/Q ∼= Z25, thenM ∼= Q × Z25 because Q ∼= Z3. SinceM is abelian andMv ∼= Z5, one has X ∼= 3K5,5, which
contradicts the connectivity of X .
Thus, XQ ∼= G(2p, 5). If p > 11, by Proposition 2.7, XQ is a pentavalent 1-regular graph of order 2p. Since A/Q is arc-
transitive on XQ , one has A/Q = Aut(XQ ) and X is a pentavalent 1-regular graph of order 2pq. By Proposition 2.8, X ∼= CD l2pq.
If p ≤ 11, then p = 11 because 5 | p − 1. In this case, XQ ∼= G(22, 5), and A/Q ≤ Aut(XQ ) = PSL(2, 11) o Z2. Since
A/Q is arc-transitive on XQ and PSL(2, 11) has two orbits on XQ , one has |A/Q | ≥ 110 and A/Q ≰ PSL(2, 11). It follows
that Aut(XQ ) = PSL(2, 11) · (A/Q ), implying that |(A/Q ) ∩ PSL(2, 11)| = 12 |A/Q | ≥ 55. By Proposition 2.4, one has|(A/Q ) ∩ PSL(2, 11)| = 55 or 660. For the former, |A/Q | = 110 and |A| = 110q, implying that X is a pentavalent 1-regular
graph of order 22q. By Proposition 2.8, X ∼= CD l22q. For the latter, one has (A/Q ) ∩ PSL(2, 11) = PSL(2, 11), implying that
A/Q = PSL(2, 11)oZ2 because A/Q ≰ PSL(2, 11). Take B/Q = PSL(2, 11), and set C = CB(Q ). Obviously, C ≥ Q . If C = Q ,
then B/C = B/Q . Aut(Q ) ∼= Zq−1, which is impossible because B is nonsolvable. Thus, C > Q . Since C/Q E B/Q and
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B/Q = PSL(2, 11), one has C/Q = B/Q , implying that Q ≤ Z(B). Let B′ be the derived group of B. Since the Schur multiplier
of PSL(2, 11) is Z2 (see Atlas [6]), one has B′ < B. It follows that B = B′×Q , implying that B′ E A because B′ is characteristic
in B. By Proposition 2.1, B′ is not semiregular on V (X) because B′ is nonsolvable. Since B/Q has two orbits on V (XQ ), both B
and B′ have two orbits on V (X). Note that |A : B| = 2 and |Bv| = |Av| = 60. By Proposition 2.2, Av is nonsolvable, and hence
Av ∼= A5. It follows that Bv = B′v ∼= A5 because both Bv and B′v are normal in Av . Since both B and B′ have two orbits on V (X),|B| = |B′|, a contradiction. This completes the proof of Claim.
If A has a normal subgroup of order of 2, then the quotient graph has valency 5 and odd order pq, a contradiction.
Combining with Claim, by Proposition 2.8, we assume that A has no normal subgroups of order q and 2 and aim to prove
that one of the cases (2)–(4) occurs.
If A has a normal subgroup P of order p. By Proposition 2.7, XP ∼= K6, K5,5 or G(2q, 5) with 5 | q − 1. Let C := CA(P).
Clearly, P ≤ C . If P = C , then A/P ≤ Aut(P) ∼= Zp−1. Thus, A/P is abelian and hence regular on V (XP), where XP is the
quotient graph of X respective to P . It follows that A is regular on V (X), which contradicts the fact that X is symmetric.
Hence, P < C . Take a minimal normal subgroup of A/P , sayM/P , in C/P . Suppose thatM/P is solvable. By Proposition 2.1,
M/P is semiregular on V (XP). ThenM/P ∼= Z2 orZq, which implies that A has a normal subgroup of order 2 or q respectively,
a contradiction. Thus,M/P is nonsolvable, and hence XP ∼= K6, K5,5 or G(22, 5). If XP ∼= K6, thenM/P ∼= A5 or A6. By Atlas [6],
the Schur multiplier of A5 or A6 is 2 or 6, respectively. It follows that M ∼= P × Ai(i = 5, 6), and Ai E A. Since |Ai| - 2pq, Ai
has at most two orbits on V (X) and 5 | |(Ai)v|, implying that 5pq | |Ai|, which is impossible because p ≥ 5. If XP ∼= K5,5,
then M/P ∼= A5 or A5 × A5. Obviously, M/P has two orbits on V (XP), and 5 | |(M/P)u| for any u ∈ V (XP), implying that
25 | |M/P|. Thus, M/P ∼= A5 × A5. Let B/P ∼= A5 and B/P E M/P . Similarly, B/P has two orbits on V (XP) and 5 | |(B/P)u|.
Thus, 25 | |B/P|, a contradiction. If XP ∼= G(22, 5), then M/P ∼= PSL(2, 11). Since the Schur multiplier of PSL(2, 11) is Z2,
one hasM ∼= Zp × PSL(2, 11). This implies that PSL(2, 11) E A. Obviously, PSL(2, 11) has at least p orbits on V (X) because
p > q = 11, and hence PSL(2, 11) is semiregular, a contradiction.
If A has a solvable non-trivial normal subgroup, then A has a solvable minimal normal subgroup isomorphic to Z2,Zp or
Zq, which is impossible by the above argument. Thus, in what follows, we assume that A has no solvable non-trivial normal
subgroups.
Let N be a minimal normal subgroup of A. Then N ∼= Tm, where T is a nonabelian simple group. By Proposition 2.1, N has
at most two orbits on V (X).
If q = 3 and p = 5, then |N| is a factor of 218 · 33 · 52 and |N| is divisible by 3 · 52. By Table 1, N ∼= A5 × A5, and N has
a normal subgroup isomorphic to A5, say S. It is easy to see that S has an orbit of length 5, 15 or 30. Since S E N , one has
5 | |Sv| and hence 25 | |S|, a contradiction. It follows that either q = 3 and p > 5 or p > q ≥ 5.
SinceN has at most two orbits on V (X),N is divisible by 5pq, and since |A| = 2s3t ·5 ·q ·pwith 1 ≤ s ≤ 18 and 0 ≤ t ≤ 2,
one has N ∼= T . Set C = CA(N). By the simplification of N , C ∩N = 1. Since N×C ≤ A, C is a {2, 3}-group. By Proposition 2.6,
C is solvable, implying that C = 1 because A has no solvable non-trivial normal subgroup. Thus, A . Aut(N).
Let q = 3 and p > 5. By Table 1, N is one of the following groups:
A7,A8, PSL(2, 11), PSL(2, 24), PSL(2, 19), PSL(2, 31), PSL(3, 4),M11,M12. (2)
Let p > q ≥ 5. For q = 5, by Table 1, N is one of the following groups:
PSL(2, 52), PSp(4, 4), PSU(3, 4). (3)
For q > 5, we first consider N ∼= PSL(2, p), the infinite family of five-prime factor simple groups listed in Table 1. Since
|V (X)| = 2pq and N ≤ A ≤ PGL(2, p), one has |Av : Nv| ≤ 2 and 3 | |Av|. By Proposition 2.2, Av is nonsolvable, because
|Av| - 80, forcing that Nv is nonsolvable, and by Proposition 2.4, Nv ∼= A5, implying that |N| = |A5| · pq or |A5| · 2pq. Thus,
|N| contains at most three 2-factors, one 3-factor and one 5-factor. Note that |PSL(2, p)| = p(p−1)(p+1)2 and ( p+12 , p−12 ) = 1.
If q | p−12 , then p+ 1 = 2 · 3, 22 · 3, 23 · 3, 2 · 5, 22 · 5, 23 · 5, 2 · 3 · 5, 22 · 3 · 5 or 23 · 3 · 5. It follows that p = 5, 11, 23, 19, 29
or 59. Since PSL(2, p) is not a five-prime-factor simple group for p = 5, 11, 23 or 19, one has p = 29 or 59. Similarly, if
q | (p+1)2 , then p = 41 or 61.
Thus, for p > q > 5, N is one of the following groups:
M22, PSL(5, 2), PSL(2, 26), PSL(2, 28), PSL(2, 29), PSL(2, 41), PSL(2, 59), PSL(2, 61). (4)
We may assume that N is a group listed in (2), (3) or (4). Let G ≤ A be a transitive subgroup of X . By Proposition 2.9,
X ∼= Cos(G,H,HaH), where H = Gv , a ∈ G \ H , and a2 ∈ H , implying that a normalizes R = H ∩ Ha, that is, a ∈ NG(R) \ H .
Recall that N has at most two orbits on V (X).
First, let N be transitive on V (X). Take G = N . If N = A8, then p = 7 and q = 3. Clearly, Nv has order |N|/|V (X)| = 480.
However, A8 has no subgroups of order 480 by Atlas [6]. Thus, N ≠ A8. Similarly, N ≠ PSL(3, 4) (p = 7, q =
3), PSp(4, 4) (p = 17, q = 5) and PSU(3, 4) (p = 13, q = 5) by Atlas [6], and N ≠ PSL(2, 24) (p = 17, q =
3), PSL(2, 19) (p = 19, q = 3), PSL(2, 31) (p = 31, q = 3), PSL(2, 26) (p = 13, q = 7) and PSL(2, 28) (p = 257, q = 17)
by Proposition 2.4. Furthermore, N ≠ PSL(2, 29) (p = 29, q = 7), PSL(2, 59) (p = 59, q = 29) and PSL(2, 61) (p = 61, q =
31) because otherwise Nv is a solvable group of order |Nv| = |N|/|V (X)| = 30, contradicting that |Nv| | 80.
Suppose that N = A7. Then p = 7, q = 3 and |H| = |N|/|V (X)| = 60. This implies that H ∼= A5 and R ∼= A4. By
Magma [1], there is no element a such that ⟨H, a⟩ = N , a2 ∈ H and |H|/|H ∩ Ha| = 5, a contradiction.
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Suppose that N = PSL(2, 11). Then p = 11 and q = 3. By Example 3.1, X ∼= C66, and byMagma [1], |A| = 1320, implying
that A ∼= PGL(2, 11) because A . Aut(N). Furthermore, Av ∼= D20 and X is 1-transitive.
Suppose that N = M11. Then p = 11 and q = 3. Since a subgroup of order |M11|/|V (X)| = 120 is a maximal
subgroup of M11 (see Atlas [6]), X is a vertex primitive graph of order 2pq. Similarly, if N = M12(p = 11, q = 3) or
PSL(2, 41)(p = 41, q = 7), then a subgroup of order |N|/|V (X)| is a maximal subgroup of N , implying that X is a vertex-
primitive graph of order 2pq. By Li et al. [25, Table 1], there is no vertex-primitive graphs of order 110 and 60, and there is
a unique vertex-primitive graph of order 574. By Example 3.4, X ∼= C574. By Magma [1], A = PSL(2, 41). Since Av ∼= A5, X is
2-transitive.
Suppose that N = PSL(2, 52). Then p = 13, q = 5 and |H| = |N|/|V (X)| = 60. It follows that H ∼= A5 and R ∼= A4. By
Atlas [6], NN(R) ∼= S4 ≤ NN(H) ∼= S5, implying that there is no element a ∈ NN(R) such that ⟨H, a⟩ = N , a contradiction.
Suppose that N = PSL(5, 2). Then p = 31, q = 7 and |Nv| = 29 ·32 ·5. By Atlas [6], Nv ≤ M , whereM = Z42oPSL(4, 2) is
a maximal subgroup of PSL(5, 2). Since Z42 ·Nv/Z42 ∼= Nv/(Nv ∩Z42) ≤ PSL(4, 2), one has Nv ∩Z42 = Z32 or Z42. Thus, PSL(4, 2)
has a subgroup of order |Nv|/23 = 26 · 32 · 5 or |Nv|/24 = 25 · 32 · 5, which is impossible by Atlas [6].
Suppose thatN = PSp(4, 4). Then p = 17, q = 5 and |Nv| = 27 ·32 ·5. By Atlas [6],Nv ≤ M , whereM = Z62o(Z3×A5) is
a maximal subgroup of PSp(4, 4). By Magma [1],M has no normal subgroups of order 25. Since Z62 ·Nv/Z62 ∼= Nv/(Nv ∩Z62) .
Z3× A5, one has Nv ∩Z62 = Z62 or Z52. For the former, Z62 ▹ Nv and Z3× A5 has a subgroup of order |Nv|/26, which has index
two, a contradiction. For the latter, Z52 ▹ Nv . Denote by O2(Nv) the maximal normal 2-subgroup of Nv . Then O2(Nv) = Z52 or
Z62. Since |M : Nv| = 2, one has Nv ▹ M , and hence O2(Nv) E M , implying that O2(Nv) = Z62. Thus, Z62 ≤ Nv , a contradiction.
Suppose that N = M22. Then p = 11, q = 7 and |Nv| = 26 · 32 · 5. By Atlas [6], Nv ≤ M , where M = Z42 o A6. By
Magma [1],M has no normal subgroups of order 23. Since Z42 · Nv/Z42 ∼= Nv/(Nv ∩ Z42) . A6, one has Nv ∩ Z42 = Z42 or Z32. If
Nv ∩Z42 = Z42, then A6 has a subgroup of index two, a contradiction. If Nv ∩Z42 = Z32, similarly O2(Nv) E M and O2(Nv) = Z42,
implying that Z42 ≤ Nv , a contradiction.
Now, let N have two orbits on V (X), say ∆1 and ∆2. Then |Nv| = |N|/ 12 |V (X)|. If N = A8, then p = 7, q = 3,
and |Nv| = |N|/ 12 |V (X)| = 960. By Atlas [6], A8 has no subgroups of order 960, implying that N ≠ A8. Similarly,
N ≠ M12(p = 11, q = 3) by Atlas [6], and N ≠ PSL(2, 11)(p = 11, q = 3), PSL(2, 31)(p = 31, q = 3), PSL(2, 41)(p =
41, q = 7), PSL(2, 26)(p = 13, q = 7) and PSL(2, 28)(p = 257, q = 17) by Proposition 2.4.
Suppose that N = M11. Then p = 11, q = 3 and A ∼= Aut(N) = M11, which is impossible because A is transitive.
Suppose that N = PSL(5, 2). Then p = 31, q = 7 and |Nv| = 210 · 32 · 5. By Atlas [6], Nv ≤ M , whereM = Z42 o PSL(4, 2)
is a maximal subgroup of PSL(5, 2). Since Z42 · Nv/Z42 ∼= Nv/(Nv ∩ Z42) ≤ PSL(4, 2), one has Nv ∩ Z42 = Z42. Thus, PSL(4, 2)
has a subgroup of order |Nv|/24 = 26 · 32 · 5, which is impossible by Atlas [6].
Suppose that N = A7(p = 7, q = 3), PSL(2, 52)(p = 13, q = 5), PSL(2, 19)(p = 19, q = 3), PSL(2, 29)(p =
29, q = 7), PSL(2, 59)(p = 59, q = 29), PSL(2, 61)(p = 61, q = 31), PSL(3, 4)(p = 7, q = 3), PSp(4, 4)(p = 17, q =
5), PSU(3, 4)(p = 13, q = 5) orM22(p = 11, q = 7). In these cases, a subgroup of order |N|/ 12 |V (X)| is a maximal subgroup
of N , implying that X is a vertex bi-primitive graph, and X ∼= Cos(G,H,HaH)with G ≤ A a vertex-transitive group of X and
H = Gv . If N = PSL(2, 52), then Nv ∼= S5. Since G ≤ A . Aut(N) = PΓ L(2, 52), one has either G ∼= PΓ L(2, 52) or G is
isomorphic to a group of index two in PΓ L(2, 52). For the former,H ∼= S5×Z2 and R ∼= S4×Z2. By Atlas [6],NG(R) ≤ NG(H),
implying that there is no element a ∈ NG(R) such that ⟨H, a⟩ = G, a contradiction. For the latter, H ∼= S5 and R ∼= S4.
Similarly, one hasNG(R) ≤ NG(H), a contradiction. IfN = PSL(2, p)with p = 19, 29, 59 or 61, then G . Aut(N) ∼= PGL(2, p)
and H = Gv ∼= A5. By Examples 3.2 and 3.3, X ∼= C114,C406,C3422 or C3782, and X is 2-transitive. Since N < A . Aut(N),
one has A = G ∼= PGL(2, p) with p = 19, 29, 59 or 61, respectively. If N = PSL(3, 4) or PSp(4, 4), by Li et al. [23, Theorem
1.4] and by Examples 3.5 and 3.6, X ∼= C42 or X ∼= C170, and X is 4- or 5-transitive, respectively. If N = A7, PSU(3, 4) or M22,
then the maximal subgroups of order |N|/ 12 |V (X)| have one conjugacy class, implying that N∆1 is permutation equivalent
to N∆2 , that is, there exists a bijection λ from ∆1 to ∆2 such that (ux)λ = (uλ)x, where u ∈ ∆1 and x ∈ N . In particular,
Nu = Nuλ . By Praeger and Xu [34, Lemma 3.1], A7 has rank 3 with subdegrees 1, 10, 10, and by Atlas [6], PSU(3, 4) has rank
2 with subdegrees 1, 64, and M22 has rank 3 with subdegrees 1, 16, 60. It follows that N ≠ A7, PSU(3, 4) and M22.
At last, suppose thatN = PSL(2, 24). Then p = 17 and q = 3. Since A . Aut(N) = PΓ L(2, 24), eitherG ∼= PΓ L(2, 24) orG
is isomorphic to a group of index two in PΓ L(2, 24). In these cases,X ∼= Cos(G,H,HaH)withH = Gv . IfG ∼= PΓ L(2, 24), then
|H| = |PΓ L(2, 24)|/|V (X)| = 160. By Proposition 2.6, H is solvable, which is impossible because |H| - 80 by Proposition 2.2.
If G is isomorphic to a group of index two in PΓ L(2, 24), then H is a solvable subgroup of order 80. By Zhou and Feng [43,
Theorem 4.1], X is 3-transitive and H ∼= F20 × Z4. Since |A : N| = 2, one has Nv ∼= H . By Proposition 2.4, H ≤ Z42 o Z15, a
contradiction. This completes the proof. 
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